Generalised class of starlike functions of Koebe type with complex order by Mohd Nazran Mohammed Pauzi, & Maslina Darus,
Journal of Quality Measurement and Analysis              JQMA 	













+ /   
0 1    2
  2
  2
 2 / 203/ / 4 / 0 3 ( )
 






Hb α β η 4n4253
534345 2126(1334/ 2/
0//102326
Keywords: 29 295343995 

ABSTRAK
$ /  2:   /  2 2
  2

22/ 4/ ( )
 




 5 3 
4 ( )
 





.  H U 2 / 3 4 53 43  /    23 = <> > ?U z z= < 4
3 @   6C . [ ]
H a 2 / 3 4 / 43  f H U∈ 4 / 4

   
f z a a z a z= + + + 6∈a C &













    

+4 /43 f 2 g 53  
U 05/ /43 f 2 
g  g   2  f 
 0  f g     f z g z 
 4 / @ -3/0;
43  w z 3// ( )   f z g w z= 0/  w = 2   w z <  6U 
-   / h 2 k  0 53 43  
U 
< 6ϕ × →C U C  +4 h 2( ) 
  




( )   
  
  9k z h z zh z z h z zϕ ′ ′′ ? ? ? ?  
Mohd Nazran Mohammed Pauzi & Maslina Darus 

/ k 24/244 26&43  q H U∈ 
322
4    q z h z 4/43 h 456
&12 q /4    q z q z 44/2 q 4

 2   /  26 ! 2 !3  2 / 443
324/43 
k q 2ϕ 40/3//40 3/2
 ( )   
  
  9    6k z h z zh z z h z z q z h zϕ ′ ′′  ? ? ? ? ? 
. AS 2 ( )AS α /43443 U 25
4342α  ( )  






< 2 ( 
  
zf z












A    
2

( ) ( )( )
A
B






















 3156& ( )A AS Sα ⊂ 2 ( )A A 6S S= 
%@
 0   ( )
 
H α β η / 3 4 43 
f A∈ 4 





  B  BB ( 
 6
    B 
i
zf z zf z zf zz z U









   




/3 ( ) ( )
 
α αH =H 04 2325!3EFE
0/3/0/
0  / 3α 31@ α  436 .
!et al. E	 /02
/ ( )αH  3 4 AS 4 5  α 2  / ( )αH   3 4
31@43 
K 4 6α ≥ %/ ( ) A S=H 2 ( ) 6K=H 
 2-11 C 21 / 443 32 4  4n42
5343 bf 45 
0/3/2425





= ≥ ∈ =−b bn
zf z b n N
z
   F

















zf z zf z zf zz z U
f z f z f z
β η
α β η α
+
 
 ′ ′′′ 
 









G   / ( ) ( ) A

  6S= ⊂H H ( ) ( ) A

   H H S= ⊂  0
12 5(/ et al. EED
 ( ) ( ) A

   H H S γ= ⊂  0/ ( ) γ < 25
12 5%0 et al. EEF
 ( ) ( ) A

H H Sα α= ⊂ 0 232 5




Sα β α β= ⊂H H 0225-6


Generalised class of starlike functions of Koebe type with complex order 

+ /   






43 bf 45 2  34/325 ( )
 
 6Hb α β η /0
4  2 ( 
  2 -11 C
 2 -  /1







$&&'#!,!3EHDLet the function ( )q z be univalent in the open unit disc 
U and let the function θ  and φ  be analytic in a domain D containing  
q U with
  wφ ≠ when  6w q U∈ Set
 ( ) ( ) ( )( )Q z zq z q zφ′= and ( ) ( )( ) ( )6h z q z Q zθ= +                                     H
Suppose that 
    (i) ( )Q z is starlike univalent U and 










     If ( )( ) ( ) ( )( ) ( )( ) ( ) ( )( )p z zp z p z q z zq z q zθ φ θ φ′ ′+ +  then     p z q z and q  is the 
best dominant of the subordination. 

$&&' ## I Let  q z be univalent in the unit disk U and let ϑ  and ϕ  be 
analytic in a domain D containing  6q U Suppose that,      
     (i) ( ) ( )( )zq z q zϕ′ is univalent and  starlike in U
     (ii) 
( )( )












     If ( ) ( )J  
Kp z H q Q∈ ∩ with ( )p U D⊆  and ( ) ( ) ( )( )p z zp z p zϑ ϕ′+ is univalent in U
and ( )( ) ( ) ( )( ) ( )( ) ( ) ( )( )q z zq z q z p z zp z p zϑ ϕ ϑ ϕ′ ′+ +  then ( ) ( )q z p z and ( )q z is the 
best subordinant. 
$&&' #) 3 E	 .et the (nonconstant) function  w z be analytic in the unit disk  
U and such that  6w =  If  w z  attains its maximum value on circle z r= = at a point 
 
z U∈ we have      
z w z kw z′ =   where k ≥  is a real number. 

$&&'#*et al.EEThe function bf defined by F is univalent if and only if  
      6nb≤ ≤                                   E
 Furthermore, the condition in E is necessary and sufficient for bf  to be a starlike function.  
Mohd Nazran Mohammed Pauzi & Maslina Darus 
C
$&&' #+ !,!3 E	HLet ( )
u vΘ be a complex-valued function such  that
( )< 6Θ → ⊂ ×D C D C C # C being (as usual) the complex plane. 
Let  u u iu= + and   6v v iv= +  Supposed that the function ( )
u vΘ satisfy each of the 
following conditions: 
 ( )
u vΘ  is continuous in 
D
 ( )
 D∈  and  ( )( )( 
 
Θ >
 ( )( ) ( 
 iu vΘ ≤ for all  ( ) 
iu v D∈  such that ( )   6v u≤ − +
 Let 
   p z p z p z= + + +  be analytic (regular) in U  such that 
( )( ) 
 
p z zp z D′ ∈ ( )6z U∈  If ( )( )( ) ( )(  
 
 
p z zp z D z U′Θ ∈ ∈  then 








.$$&)Let   f z A∈  satisfy   
 6f z z U≠ ∈  Also let the function  q z be univalent in 

U with  q = and   
 ≠q z  such that for β 2 
η ∈R
                                           
( ) ( )( )
( )
( ) ( )(  

q z q z
i z z z U
q z q z







( ) ( ) ( ) ( )( )
( )
( ) ( )

(      

zq z q z
i q z i i z z U
q z q z
β η β η β η
α
 ′ ′′ 
 








 for iβ η+ ≤ and α > . If      
( )      
  




zf z zf z f zz h z z U




   ′ ′ ′′
   + ∈
   ′′
   
 ,                                                   










 and ( )q z  is the best dominant of , where  

















     2   6i iw w w w w wβ η β ηθ α α φ+ += − + = 
/   wθ 2  wφ  53 2 / 2 AD 0/3/ 3  
  q U q = 
2   wφ ≠ 0/  6w q U∈  





   B     B J  K 
iQ z zq z q z zq z q z β ηα φ α += = 
2
 [ ]        J  K  J  K  J  K 
i i ih z q z Q z q z q z zq z q zβ η β η β ηθ α α α+ + + + +′= + = + − + 

/4042/  Q z U 2




( (      6
 
zq z q zzh z i q z i i z
Q z q z q z






= + + + + + + + − + >
 






G//43  p z 53 
U 0/   p q= = 6-3
  














     
  6
     
b b b
b b b
zf z f z f zp z z
f z f z f z
′′ ′ ′& '








      
  6
     
b b b
b b b
z f z zf z zf zzp z
f z f z f z
′′ ′ ′& '







      
 
     
b b b
b b b
z f z zf z zf zzp z
f z f z f z




[ ]      6zp z p z p z′= − + 
&  5.6
042/
    
     




zf z zf z f zz




   ′ ′ ′′
   +
   ′
   





 [ ] [ ] [ ]          i i ip z p z zp z p zβ η β η β ηα α α+ + + + +′= + − +
  ( )  B J  K  ip z zp z p z h zβ ηθ α += +  

[ ] [ ] [ ]          i i iq z q z zq z p zβ η β η β ηα α α+ + + + +′= + − + 





( )  b
b






 2 ( )q z /246

.$$&)#Let f be analytic in U  such that  
f = h be convex univalent in U    
  and  [ ]
 6h H∈ ∩ Assume that  
                                
     




zf z zf z f zz




   ′ ′ ′′
   +
   ′
   

is a univalent function in 
U  where iβ η+ ≤  and α > . If h A∈  and the     
subordination  
Mohd Nazran Mohammed Pauzi & Maslina Darus 
F
                 
           J  K
     
i
i b b b
b b b
zf z zf z f zh z q z zq z q z z
f z f z f z
β η
β ηθ α α
+
+
 ′ ′′′ 
′





                
 holds then  ( ) ( )    b bq z zf z f z′ implies that    
q z p z where ( )      b bp z zf z f z′= and




   




zf zp z w w w w w w
f z





/ ( )wϑ 2 ( )wϕ 532/2 AD 0/3/3  
p U   p = 2
( ) wϕ ≠ 0/ ( )6w p U∈ 





















( ) ( )( ) ( ) ( )( ) ( )( ) ( ) ( )( )6h z q z zq z q z p z zp z p zϑ α ϕ ϕ α ϕ′ ′= + +
5/ 4//
( ) ( )( ) ( )[ ]





h z q z zq z q z
q z q z zq z q z
β η




+ + + + +
′= +
′= & ' + − & ' + & '
- . - . - .


( ) ( ) ( ) ( ) ( )





p z p z zp z p z
p z zp z p z




+ + + + +
+
′
& ' + − & ' + & '
- . - . - .





      6




zf z zf z f zz




   ′ ′ ′′
   = +
   ′
    
/104.6













%%'0)Let   f z A∈  satisfy   
f z ≠   6z U∈ Also let the function q(z) be univalent 
in U with  q = and   





( ) ( )(    

zq z q z
q z z z U
q z q z
′ ′′ 
 




                                          
D
                                 
Generalised class of starlike functions of Koebe type with complex order 
	
If
          ( )    
  

   
b
b
zf z zq zq z z U
f z q z
 ′′ ′




                                                                
F                         
then ( )    
  6b bzf z f z q z z U′ ∈
                 




.$$&*Let the n-fold symmetric function ( )bf z defined by F, be analytic in 
U with
    6bf z z z U≠ ∈ 
(i)      If ( )bf z satisfies the inequality: 
 
     
(




zf z zf z z f z

















( )3  
   6
  C  
nbnb nb nb nbβ α α& − ' & '
    
> − − + − −
* ,
    
* ,




                  Then, ( )bf z is starlike in U for α >  and iβ η+ ≤ and  
                  
A A
A     9 9  < E C C6
 
nb nbα α α α
α α
+ − Δ + + Δ≤ < ≤ ≤ Δ = − +
(ii)  If ( )bf z satisfies the inequality 	 with α = and iβ η+ =  that is, if 





zf z nb z U
f z
 ′
  > − ∈
 
 
   H

          Then, ( )bf z is starlike in U for  6nb≤ <
(iii)     If ( )bf z satisfies the inequality 	 with 
iβ η+ =  that is, if 
 
( )
    
(   
 6
    C  
b b
b b
z f z zf z nb nb nb z U











                  Then, ( )bf z is starlike in U for 
                 
A A
A     9  < E C C6
 
and nbα αα α α
α α
+ − Δ + + Δ




2 ( )bf z 45//5 /4/C66G 
( )    


    
b
b
nb w zzf z




    

Mohd Nazran Mohammed Pauzi & Maslina Darus 
H
0/  w U 53 
U 0/   2   
  6w w z z U= ≠ ∈ /
0/1
[ ]




                   


   
b b b b
b
f z zf z f z z f z nb w z w z w z nb w z
w zf z
& ' & '′ ′′ ′+ − ′ ′
− − + & + − '





( ) ( ) ( )
( )
           
  
nb w z w z w z nb w z
w z
′ ′






                     
  
nbw z w z nbw z w z w z w z w z nbw z w z w z w z
w z
′ ′ ′ ′ ′ ′ ′



















       
6
       
b b b
b bb
zf z f z f z nbw zz
f z f z w zf z


















     
 
     
        
       
b b b
b b b
z f z zf z zf zzp z
f z f z f z
nb w z nb w znbw z
w z w zw z














( ) ( )
[ ]






          
         
        


       
b
b
nb w z nb w zz f z nbw z
f z w z w zw z
nb w z nb w znbw z
w z w zw z
α α
α α
 + −  + − ′′ ′








 + −   + − ′
 = + −











( ) ( )
[ ]






      
      
        


       
        

      
b b
b b
nb w zzf z z f z
f z f z w z
nb w z nb w znbw z
w z w zw z
nb w z nb w znbw z




























 + −  + −′



















     
     
            
 6





zf z zf z z f z
f z f z f z
nb w z nb w z nb w znbw z












  - .
& '
 
 + −   + −  + −′
* ,
 = + + −










03/   
  6w z z U< ∈ +4/@ z U 3//   w z = 

/5.6
0/1     
z w z kw z′ = 0/ k ≥ 65
( )   
iw z e θ θ π= ≤ ≤ /042/
     
(




zf z zf z z f z













  - .
 








    
(
  
           
 





nbw z nb w z nb w z











'′    + − + −
*
 + + −
,

















ii i i i
i i ii
nb e nbke nb e nb e
e e ee






     + − + − + −
* ,
 
= + + −












        
(  6
  
ii i i i
i i ii
nb e nbke nb e nb e
e e ee






     + − + − + −
* ,
 
= + + −









5 3  





(     

  C  3 
C









       
* ,
 = − + − − + − −












( ) ( )
  

3    3
    

   C  3 
C









       
* ,
 = − + − − + − −
* ,
















3   
   

  C  













    
 
* ,
 = − − + − −
* ,
    
 * ,
 









( ) ( )3     

  C  
nbnb nb nb nb z U
β
α α& − ' & '
    ≤ − − + − − ∈
* ,
    
* ,




3 6k ≥ 
Mohd Nazran Mohammed Pauzi & Maslina Darus 

+40
     
(




zf z zf z z f z













  - .
   
( ) ( )3     6
  C  






    ≤ − − + − − =
* ,
    
* ,











A    
  9 9  < E C C 6
 
nb nb nbα ατ α α
α α








     
  
     
( 





z f z z f z z f z





  & '′ ′ ′′
 






  - .
 

A     9 9  < E C C 

 
nb nbα α α α
α α






   w z < 4 6U 
#3 bf   U 
 / 5  1 /   4 / C66 /




 /   / C6 






G   5 / 40  11 244 8 0/  10  21





     
(




f z f z f zz z z





  & '′ ′ ′′
 






  - .
     

( )3   
   ( 
  C    
b
b









    
 − − + − −  >
 
* ,
    
* ,
 








( )3  
9    9 9  6
  C  







    
∈ − − + − − < ≥ ≥
 
* ,
    
* ,
 























{ } { } ( ){ }  (         p z zp z p z p zμμ μ μα α αμ
−






( )3  
   
  C  
nbnb nb nb nbβ α α & − ' & '

    
+ − − + − − >

* ,
    
* ,







( )(   
  6p z z U > ∈ 
 5  p z u= 2   
zp z v′ = 2






   6
  C  
u v u v u u









Θ = + + − +
& − '
& '
    
− − + − −
* ,
    
* ,






iα β η≥ + ≤ μ ≥ 24.6D
0/1
 ( )( ) ( )3  ( 
     

  C  
nbnb nb nb nbβ α α& − ' & '
    Θ = + − − + − − >
* ,
    
* ,






( )3  
   6
  C  
nbnb nb nb nbβ α α& − ' & '
    
− − + − − <
* ,
    
* ,






 ( ) 
iu v D∈ 3// ( )   


v u≤ − + 
0
( )( ) ( ) ( ) ( )       ( 
 3 3  3
 
iu v u v u u
μ
μ μ μ
μ πα π π
α α
μ μ μ μ
−
 − 
   Θ = + + −
 
   
   
 

( )3  
   

  C  
nbnb nb nb nbβ α α& − ' & '
    
+ − − + − −
* ,
    
* ,




( ) ( ) ( )       3  3
  
u u u u
μ
μ μ μ
α π π π
α α
μ μ μ μ
−
     
≤ − + + + −
     
      
( )3 
   6
  C  
nbnb nb nb nbβ α α& − ' & '
    
+ − − + − −
* ,
    
* ,





   ( )  
u s s= > 52
( )( ) ( ) ( 
 
iu v sΘ ≤ Φ        F
0/





  3  3 

  
s s s s s
μ
μ μ μα π π πα α
μ μ μ μ
−
     Φ = − + + + −
     
     

Mohd Nazran Mohammed Pauzi & Maslina Darus 


( )3  
   6
  C  
nbnb nb nb nbβ α α& − ' & '
    
+ − − + − −
* ,
    
* ,





+403/ μ = 2 
nb → 0/406

.$$&+If n-fold symmetric function bf , defined by F and analytic in U with
( ) ( ) 
bf z z U
z
≠ ∈
satisfies the following inequality:
 
     
( 





f z f z f zz z z





  & '′ ′ ′′
 






  - .
   
H




nbμ = → 0424	/
 ( )  <     











.$$&+#If n-fold symmetric function bf , defined by F and analytic in U with
( ) ( ) 
bf z z U
z
≠ ∈
satisfies the following inequality:

     
( 





zf z zf z z f z
f z f z f z
β η+
 
  & '′ ′ ′′
 














zf z z U
f z
π ′








Hb Sβ η   ⊂
   
















Φ = − ≤ >











H Hb b Sβ η     = ⊂
     
     
 
Generalised class of starlike functions of Koebe type with complex order 

$&'3 + +4
 4  3/3 4   
 
α β μ 2 nb 4 / D6 2
/D6
042/ ( ) ( )



















3+6-6E	63231@42P6J. Lond. Math. Soc6#<CFEC	C6
!6,-11#6!6C6&4433244534345 6J.
Ineq. Pure and Appl. Math.+<H6
!-6-6,!366EHD6"344224426Michigan Math. J.
)#<HDED6




the American Mathematical Society)7<DDDDC6
















 $!6 , (3/2 N6 	6 -2 2  2
433453436International Mathematical Forum#<ED
--66/4534345 6 Math.Comp. Modeling+*<EHEH6
- -6




School of Mathematical Sciences  
Faculty of Science and Technology  
Universiti Kebangsaan Malaysia 
43600 UKM Bangi 
Selangor DE, MALAYSIA 
E-mail: nazran@unisel.edu.my, maslina@ukm.edu.my*

AN 2/       
